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A set of equations of motion is derived for an aircraft undergoing aerial refueling. The equations include the time-

varyingmass and inertia associatedwith fuel transfer aswell as the vortex-inducedwind effect from the tanker. They

are derived in terms of the translational and rotational position and velocity of the receiverwith respect to the tanker.

The equations of motion are implemented in an integrated simulation environment with a feedback controller for

receiver station keeping as well as a feedback controller to fly the tanker on a U-turn maneuver.

Nomenclature

ER = 3 � 3 matrix, which depends on �VR; �R; �R�, see
Eq. (37)

F = total external force acting on receiver aircraft
H = angular momentum
IM = inertia matrix of the receiver, excluding fuel, see

Eq. (57)
It = inertia matrix of the receiver including fuel in fuel

tanks, see Eq. (58)
I3�3 = 3 � 3 identity matrix
M = mass of solid part of receiver
M = total external moment acting on receiver aircraft
Mi = mass of ith particle of the solid part of the receiver
m = total mass of fuel
mj = mass of fuel in jth fuel tank
mjl = mass of fuel clusters in or entering jth fuel pipe
P = origin of BR frame
P = linear momentum
R�:���� = rotation matrix from frame ��� to frame ���
r = position relative to the inertial frame
t = time
U = velocity of receiver relative to air
VR = airspeed of receiver aircraft
V _m = velocity of fuel relative to tanker
V0 = inertial velocity of fuel entering receiver aircraft
W = wind velocity
�R = angle of attack of receiver aircraft
�R = side-slip angle of receiver aircraft
�mjl = mass of fuel particles in transition
���� = variation of ��� in �t time
� = position of BR-frame origin relative to BT-frame

origin
� = position relative to origin of BR frame or BT frame

� = time constant of reaction time delay model
XR = �VR �R �R �T
! = angular velocity

Subscripts

BR = body frame of receiver aircraft
BT = body frame of tanker aircraft
BRBT = body frame of receiver relative to tanker
C = fuel port (receptacle) relative to BT frame
I = inertial frame
R = fuel port (receptacle) relative to BR frame
WR = wind frame of receiver aircraft
0 = origin of inertial frame

Conventions

a = representation of vector a in a frame in which
originally defined, 3 � 1 array

a = underline indicates vector quantity
_�a�X = time derivative of a with respect to X frame
S�a� = skew-symmetric matrix constructed with

representation a, see Eq. (A3)
�X̂� = vectrix of X frame, X � fBR; BT; BRBT;WR; Ig, 3 �

1 array, see Eq. (21)

I. Introduction

A ERIAL refueling has been used to extend the range of military
aircraft for over 50 years. There is now interest in the research

community [1] to develop efficient and robust control algorithms that
will enable automated aerial refueling. To develop such algorithms,
accurate dynamic models of the tanker and receiver aircraft, as well
as the tanker vortex-induced effects, are required. Previous aerial
refueling studies [1–4] have investigated tanker–receiver interfer-
ence, stability of the receiver aircraft, and design of an autonomous
refueling controller. To generate useful results from a simulation, it is
critical to model the receiver aircraft taking into account all major
factors that influence its dynamics. The present work derives
equations ofmotion for the receiver tomodel 1) the relativemotion of
the receiver with respect to the tanker, 2) time-varying mass and
inertia properties during fuel transfer, and 3) exposure to nonuniform
wind induced by the tanker’s wake vortices.

Previous formation flight studies [5] have used various methods
for studying relative motion. The problem of relative motion is
relevant to other applications such as spacecraft formation [6–8] and
shipboard landing [9]. A common approach with the cited work is to
quantify relative motion through kinematic relations after the
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equations of motion are derived for each vehicle separately. In this
work, the equations of motion are derived in terms of relative
position and orientation.

Mass properties of a systemvarywhenmass transfers into or out of
the system or the mass distribution within the system changes.
Variable mass systems have been studied extensively in the area of
space flight [10–14] and other applications, which show the
significance of the mass transfer effect on vehicle dynamics. In the
case of aerial refueling, fuel transferred to the receiver aircraft brings
in momentum and changes its inertia properties. Earlier aerial
refueling studies [1,15,16] either ignore the effect of mass transfer or
treat it as disturbance causing parametric uncertainty [1]. In the
present work, the equations of motion for the receiver are derived
considering the system of the receiver aircraft and the fuel before and
after being transferred into the receiver, yielding a generic
mathematical model that includes the dynamic effect of fuel transfer.

The dynamic effect of nonuniform wind is also considered in this
work. In aerial refueling, the receiver is subject to the nonuniform
wind induced by the wake vortex system of the tanker, which can be
detrimental to the control of the receiver aircraft [16]. To model the
dynamic effect of nonuniform wind, various techniques such as strip
theory, averaging, and tables lookup have been used [17–19]. In this
work, wind terms appear explicitly in the equations of motion. This
enables the implementation of a novel vortex effect modeling
technique [20] in the aerial refueling problem. With this technique,
the modeling of a nonuniform wind effect is more direct and
computationally efficient, and the restrictions on the relative
position, orientation, or sizes of the aircraft are removed.

This paper is organized as follows. Equations for translational
motion are derived in Sec. II. Section III presents the derivation of the
equations for rotational motion. In Sec. IV, the vector equations of
motion are converted into matrix form. Section V introduces the
paper by Dogan et al. [20], which describes the procedure for
approximating the nonuniform wind field induced by wake vortices
as a uniformwind field. Section VI explains how the physical design
parameters of the receiver aircraft and its fuel tanks are incorporated
into the equations of motion and presents simulation results. Finally,
Sec. VII presents conclusions based on the simulation results and
proposes additional application of the concepts herein addressed.

II. Translational Motion

In aerial refueling, the position of the receiver needs to be
controlled relative to the tanker, not relative to the ground. This
means the translational kinematics should be written in terms of the
position vector of the receiver with respect to the tanker.

Figure 1 depicts the spatial relation of three reference frames:
1) inertial, 2) tanker’s body (BT frame), and 3) receiver’s body
(BR frame). The vectorial relation of the origins of the reference
frames yields

r BR � rBT 	 � (1)

The effect of the wind is incorporated into the kinematics as

_r BR �U	W (2)

The time derivative of Eq. (1) along with Eq. (2) yields

_��U	W 
 _rBT (3)

which is the translational kinematic equation in terms of the position
of the receiver relative to the tanker.

The next step is to derive the translational dynamic equations. The
derivation is intended to yield equations with explicit terms to
represent the dynamics effect of fuel transfer and wind exposure.
Because of fuel transfer in refueling, the receiver aircraft is a system
of varying mass. Thus, Newton’s second law, which states that force
is equal to the time rate of change of momentum, is not directly
applicable. However, it can be applied to a system of varyingmass by
examining the same mass for the change in momentum at two
instants of time [13]. This approach is used in this paper by defining a
system of constant mass consisting of the receiver aircraft and the
fuel added to the receiver through a refueling receptacle in a given
time interval. Themomenta of this system at time instants t
�t and
t, before and after a cluster of fuel particles are added to the receiver,
are used to determine the time rate of change of momentum while
refueling. The BR frame is defined to be geometrically fixed in the
receiver aircraft and is therefore not necessarily at its c.m. This is to
accommodate the fact that the c.m. will be moving during fuel
transfer.

To facilitate the derivation of the dynamics equations including
the effect of fuel transfer, the receiver aircraft–fuel system is
considered, at time t 
�t, to comprise four parts (see Fig. 2) as
1) solid, 2) fuel about to enter aircraft, 3) fuel in transition, and 4) fuel
in fuel tanks. The solid part is considered rigid and represented by n
particles with constant masses,Mi (i� 1; . . . ; n), at fixed positions
in theBR frame denoted by �

i
. The origin of theBR frame is chosen to

be at the c.m. of the solid part of the receiver aircraft before the fuel
transfer starts. Considering that the receiver has k fuel tanks, the fuel
about to enter the aircraft is represented by a cluster of kparticleswith
mass�mj0 (j� 1; . . . ; k) entering the aircraft through the receptacle
or fuel port at �

R
, which is also fixed in the BR frame. The fuel in

transition is represented, for each fuel tank, by a train of hj particles
with mass mjl 	�mjl (l� 1; . . . ; hj, where j� 1; . . . ; k) at �

mjl

moving through fuel pipes extending from the receptacle to the jth
fuel tank.Mass�mjl represents the amount of fuel that will leavemjl

and joinmj�l	1� as fuelflows through each pipe. The fuel in fuel tanks
is represented by k lumped masses concentrated at the c.m. of fuel in
each fuel tank at a given time. Thus, the mass of fuel in the jth fuel
tank,mj (j� 1; . . . ; k), and its position relative to theBR frame, �

mj
,

are time varying during refueling.
The linear momentum of the system at time t
�t is

P 1 �
Xn
i�1

Mi _ri 	
Xk
j�1

�
mj _rmj 	

Xhj
l�1
�mjl 	�mjl�_rmjl 	�mj0V0

�

(4)

Now, consider the receiver-fuel system depicted in Fig. 2, in the time
interval t 
�t to t. During this time, the cluster of k fuel particles
entering the receiver through the receptacle at �

R
splits into the k

particles each with mass�mj0 and each particle joins the jth train in
the receptacle side. This means that �mj0 joins mj1. Concurrently,
�mj1 leaves mj1 and joins mj2, with the other �mj�l
1� particles
similarly cascading down the train toward the jth fuel tank. The last
particle�mjhj , in the fuel tank side of each train, at time t
�t joins

mj in the corresponding fuel tank at time t. Thus, at time t, the linear
momentum of the system is

Fig. 1 Intermediate reference frames: tanker and receiver’s body

frame.
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P2 �
Xn
i�1

Mi�_ri 	�_ri� 	
Xk
j�1

�
�mj 	�mjhj

��_rmj 	�_rmj �

	
Xhj
l�1
�mjl 	�mj�l
1���_rmjl 	�_rmjl�

�
(5)

The limit ofP2 
 P1 as�t goes to zero yields the time rate of change
of momentum of the system at time t as

_P�
Xn
i�1

Mi �ri 	
Xk
j�1

�
_mjhj

_rmj 	mj �rmj

	
Xhj
l�1
�� _mj�l
1� 
 _mjl�_rmjl 	mjl �rmjl � 
 _mj0V0

�
(6)

The fourth and fifth terms on the right-hand side of this equation
(summation over l) require the specification of fuel flow through the
pipelines, which is not practical in the case of this work. However,
the following assumptions reduce the equation to a form that can be
easily implemented in dynamic simulation. With the assumption of
steady fuel flow, that is, _mj�l
1� � _mjl � _mj for all l� 1; . . . ; hj, the
fourth term becomes zero. This implies thatmjl are time invariant as
the same amount of mass joins and leaves the clusters
simultaneously. Further, in any practical aerial refueling case, the
total amount ofmass that occupies the fuel pipes should be very small
relative the sum of themasses of the empty aircraft and the fuel in the
fuel tanks. Thus,mjl �rmjl terms can be ignored. In such a case, Eq. (6),

which is the translational dynamics equation of the receiver aircraft,
becomes

F�M�rBR 	
Xk
j�1
� _mj _rmj 	mj �rmj� 
 _mV0 (7)

where

_m�
Xk
j�1

_mj0

is the total fuel flow rate into the receiver.
There are three drawbacks with the translational dynamics

equation as presented in Eq. (7). First, massesmj (j� 1; . . . ; k) will
be used to represent the fuel transferred into the fuel tanks, which are
located in the receiver aircraft. This implies that the velocity and
acceleration of the mj masses will be easier to formulate in the
BR frame than in the inertial frame. Thus, rmj in the second and third

terms should be written in terms of the position vectors with respect
to the BR frame. From Fig. 2, it is seen that

r mj � rBR 	 �mj (8)

Second, it is easier to express the fuel flow velocity in the tanker
frame; hence,

V 0 � _rBT 	 V _m 	 !BT � �C (9)

where �
C
is measured from the origin of the tanker’s body frame.

Substituting Eqs. (8) and (9) into Eq. (7) and rearranging yields

�M	m��rBR � F 
 _m�_rBR 
 _rBT 
 V _m 
 !BT � �C�



Xk
j�1
� _mj _�mj

	mj ��mj
� (10)

As a special case, _m� _mj � 0when the fuel transfer is completed.
Then, Eq. (10) becomes

�M 	m��rBR � F 

Xk
j�1

mj ��mj
(11)

where the second term is due to the fact that the c.m. of the receiver is
no longer at point P. Further, when the fuel tanks are positioned in
such a way that the c.m. of the fuel is at point P,

Xk
j�1

mj�mj
� 0

which implies that

Xk
j�1

mj ��mj
� 0

since mj (j� 1; . . . ; k) are constant in this special case. Thus, the
translational dynamics as represented in Eq. (10) is reduced to

�M	m��rBR � F (12)

as expected.
Third, the effect of the wind can be factored into the analysis by

writing _rBR and �rBR in terms of the airspeed of the receiver and the
wind acting on it. To do this, Eq. (2) is differentiated to get

�r BR � _U	 _W (13)

Equations (2) and (13) are substituted into Eq. (10) and the result is

rearranged to have _U on the left-hand side. This results in the general
translational dynamics equation:

_U� 1

�M	m�

�
F 
 _m�U	W 
 _rBT 
 V _m 
 !BT � �C�



Xk
j�1
� _mj _�mj

	mj ��mj
�
�

 _W (14)

The resultant force F in Eq. (14) is considered to be the sum of the
gravity force vector, the aerodynamic force vector, and the
propulsive force vector.

Several remarks can be made regarding Eq. (14). First, the terms
containing _mj and _m represent the effect of fuel transfer on the
translational dynamics of the receiver aircraft. For the aerial refueling
scenario, as an example, _mj, the rate of mass change can be
approximated as equal to the fuel transfer rate into the jth fuel tank.
This modular formulation facilitates the simulation of asymmetric
fuel loading conditions. In practice, the values of _mj, �mj

, _�
mj
, and

��
mj

depend on the shape, size, and location of the fuel tanks on the

Fig. 2 Receiver-fuel system of constant mass.
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receiver aircraft and also the individual rates of fuel flow into each
fuel tank on the receiver.

III. Rotational Motion

For the derivation of the equations of rotational dynamics, the
definitions of the receiver-fuel system and the reference frames,
introduced for translational dynamics, are used. It can then be stated
that the external moment is equal to the time rate of change of the
angular momentum because the angular momentum of a definite
mass is examined for its rate of change [13].

In a manner which parallels the translational dynamics derivation,
the angular momenta of the system right before and after fuel joins
the receiver are used to determine the time rate of change of the
angular momentum. At time t 
�t, the angular momentum of the
system around the origin of the inertial frame is

H1 �
Xn
i�1

ri �Mi _ri 	 rR �
Xk
j�1

�mj0V0

	
Xk
j�1

Xhj
l�1

rmjl ��mjl _rmjl 	
Xk
j�1

rmj �mj _rmj (15)

where each term represents the moment of the corresponding linear
momentum term in Eq. (4) about the origin of the inertial frame. At
time t, the angular momentum of the system is

H2 �
Xn
i�1
�ri 	�ri� �Mi�_ri 	�_ri�

	
Xk
j�1

Xhj
l�1
�rmjl 	�rmjl� ��mj�l
1��_rmjl 	�_rmjl�

	
Xk
j�1
�rmj 	�rmj� � �mj 	�mjhj

��_rmj 	�_rmj� (16)

The limit of the difference in angular momenta at t 
�t and t as
�t goes to zero results in the time rate of change of momentum of the
system at time t, which is equal to themoment acting on the system at
the same time. Under the same assumptions stated for the trans-
lational dynamics, the rotational dynamics equation becomes

M0 �
Xn
i�1

ri �Mi �ri 	
Xk
j�1

rmj � _mj _rmj

	
Xk
j�1

rmj �mj �rmj 
 rR � _mV0 (17)

Note that

MBR
�M0 
 rBR � F (18)

SubstitutingM0 from Eq. (17) and F from Eq. (7) into Eq. (18) and
using the expression for V0 from Eq. (9) yields

MBR
�
P

n
i�1 �i �Mi��rBR 	 ��

i
� 	

P
k
j�1 �mj

� � _mj�_rBR 	 _�
mj
�

	mj��rBR 	 ��
mj
�� 
 �

R
� _m�_rBT 	 V _m 	 !BT � �C� (19)

Further, substituting _rBR and �rBR fromEqs. (2) and (13), respectively,
into Eq. (19) yields the rotational dynamics with explicit wind
terms as

MBR
�
Xn
i�1
�
i
�Mi� _U	 _W	 ��

i
�	

Xk
j�1

�
mj
� � _mj�U	W	 _�

mj
�

	mj� _U	 _W	 ��
mj
�� 
 �

R
� _m�_rBT 	V _m	!BT � �C� (20)

In the special case when _m� _mj � 0, both types of masses at n
points and k points have the same effect in the rotational dynamics

and the equation becomes the rotational dynamics of a system of
n	 k concentrated masses.

The total moment of the external forces about the origin of the
BR frame can be written as the vectorial sum of the moment vectors
due to gravity, aerodynamics, and propulsion. The moment due to
gravity is not zero because the origin of the BR frame is not
necessarily at the c.m. of the receiver. However, the c.m. of the rigid
body particles is, by definition, the origin of theBR frame. Therefore,
the gravitational moment is only due to the masses concentrated at
the k points.

IV. Equations of Motion in Matrix Form

In the preceding sections, the translational and rotational
equations of motion are derived in vector form. In this section, these
equations are converted into matrix form because matrix equations
are more suitable for implementation in simulation software such as
MATLAB/Simulink.

To write vector equations in matrix form, vectrix formalism is
employed. The vectrix of theX frame is defined to be the array of the
unit vectors of its axes and is denoted by

�X̂� �
ı̂X

|̂X
k̂X

2
4

3
5 (21)

Hence, vector a can be written as

a� �X̂�Ta (22)

The relationship between the vectrices of any two frames is defined
by the rotation matrix between the two frames, namely,

�X̂� �RXY �Ŷ� (23)

The same holds for representations of a vector in the same two
frames.

A. Translational Kinematics

The motion of the receiver relative to the tanker can be expressed
easily in the BT frame; hence, vector � is expressed in the BT frame,

namely, �� �B̂T �T�. The time derivative of � in Eq. (3) is with respect
to the inertial frame. Thus,

_�� �_��BT 	 !BT � � (24)

or, using the expression of the vector product introduced in Eq. (A2)
in Appendix A,

_�� �B̂T �T _� 
 �B̂T �TS�!BT �� (25)

For the three velocity vectors on the right-hand side of Eq. (3), three
different frames are used to define the representations. The

representation of U in the WR frame is used, that is, U� �ŴR�TU.
Thewind vectorW is expressed in theBR frame asW � �B̂R�TW. The
velocity vector of the tanker _rBT is expressed in the inertial frame as

_rBT � �Î�T _rBT . Then, substituting _� from Eq. (25), Eq. (3) is rewritten

as

�B̂T �T � _� 
 S�!BT ��� � �ŴR�TU	 �B̂R�TW 
 �Î�T _rBT (26)

Next, all the terms are written in terms of the same vectrix. Note that

�B̂R� �RBRBT
�B̂T �, �B̂T � �RT

BRBT
RBRWR

�ŴR�, and �B̂T � �RBTI�Î�.
Equation (26) now becomes

�B̂T �T � _� 
 S�!BT ��� � �B̂T �TRT
BRBT

RBRWR
U

	 �B̂T �TRT
BRBT

W 
 �B̂T �TRBTI _rBT (27)

which, after canceling the common vectrices, leads to the matrix
form of the equations of the translational motion as
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_��RT
BRBT

RBRWR
U	RT

BRBT
W 
RBTI _rBT 	 S�!BT

�� (28)

B. Rotational Kinematics

As in the case of translational motion, the rotational motion of the
receiver aircraft is formulated relative to the tanker aircraft. Thus, the
rotational kinematical differential equations take the form of
Poisson’s equation

_RBRBT
� S�!BRBT

�RBRBT
(29)

where both the orientation and the angular velocity of the receiver are
relative to the tanker.

The angular velocity of the receiver relative to the inertial frame
can be expressed as

!BR
� !BRBT 	 !BT (30)

The matrix form of this equation is

!BR � !BRBT 	RBRBT
!BT (31)

where!BR and!BRBT are the representations in theBR frame and!BT
is the representation in the BT frame. From Eqs. (29) and (31), the
relations between the angular accelerations are obtained as

_! BR
� _!BRBT 	 S�!BRBT

�RBRBT
!BT 	RBRBT

_!BT (32)

C. Translational Dynamics

The translational kinematic equation is written in Eq. (28) in terms
ofU andRBRWR

. Note that U is the representation in theWR frame.
Thus,

U� �VR 0 0 �T (33)

This is because the x axis of theWR frame, by definition, is along the
velocity of the receiver relative to the air. Note also that RBRWR

is
parameterized by �R and �R. In this section, the matrix form of the
translational dynamic equation of Eq. (14) is written in terms of XR.

To do this, every vector in Eq. (14) is expressedwith �Î�T to enable the
elimination of the vectrices from the equation. Recall that U�
�ŴR�TU and can be expressed as

U� �Î�TRT
BTI

RT
BRBT

RBRWR
U (34)

Hence,

_U� �Î�T� _RT
BTIR

T
BRBT

RBRWR
U	RT

BTI
_RT
BRBT

RBRWR
U

	RT
BTI

RT
BRBT

_RBRWR
U	RT

BTI
RT

BRBT
RBRWR

_U� (35)

It can be shown that

_RBRWR
U	RBRWR

_U� ER
_XR (36)

where

E R �
cos�R cos �R 
VR sin�R cos�R 
VR cos�R sin�R

sin�R VR cos�R 0
cos�R sin�R 
VR sin�R sin�R VR cos�R cos�R

" #

(37)

From Poisson’s equation for the rotational kinematics of the tanker,

_RBTI � S�!BT
�RBTI (38)

Using Eqs. (29), (36), and (38) in Eq. (35) yields

_U� �Î�TRT
BTI
f
�RT

BRBT
S�!BRBT

� 	 S�!BT
�RT

BRBT
�RBRWR

U

	RT
BRBT

ER
_XRg (39)

Next, recalling thatW � �B̂R�TW, one can write

W � �Î�TRT
BTI

RT
BRBT

W (40)

Taking the derivative of Eq. (40) and using Eqs. (29) and (38) yields

_W � �Î�TRT
BTI
f
�RT

BRBT
S�!BRBT

� 	 S�!BT
�RT

BRBT
�W

	RT
BRBT

_Wg (41)

Two other vectors on the right-hand side of Eq. (14),F and _rBT , are

expressed in the inertial frame, that is, F� �Î�TF and _rBT � �Î�T _rBT .
For V _m, the most convenient frame is the BT frame, that is,

V _m � �B̂T �TV _m, which is expressed in the inertial frame as

V _m � �Î�TRT
BTI
V _m. Similarly, !BT � �C �
�Î�

TRT
BTI

S�!BT
��C.

The most convenient frame to express the position vector �
mj

is

obviously the BR frame; thus, �
mj
� �B̂R�T�mj . Then, the first and

second derivatives of �
mj

can be written as

_� mj � � _�mj �BR 	 !BR � �mj (42)

��
mj
� � ��

mj
�BR 	 2!BR � �_�mj �BR 	 _!BR � �mj

	 !BR � �!BR � �mj� (43)

Substituting !BR from Eq. (30), Eq. (42) can be written in vectrix
form,

_�
mj
� �Î�TRT

BTI
RT

BRBT
� _�mj 
 S�!BRBT

��mj

RBRBT

S�!BT
�RT

BRBT
�mj � (44)

Similarly, Eq. (43) can be rewritten as

��
mj
� �Î�TRT

BTI
fRT

BRBT
��mj 	RT

BRBT
S�!BRBT

��S�!BRBT
��mj


 2 _�mj � 	 2S�!BT
�RT

BRBT
�S�!BRBT

��mj 
 _�mj �

	 �S2�!BT
� 
 S� _!BT

��RT
BRBT

�mj 	RT
BRBT

S��mj� _!BRBT g (45)

Additionally, the following two properties are used to obtain this
equation:

_!BRBT
� � _!BRBT �BR 	 !BT � !BRBT (46)

�!BT � !BRBT � � �mj 	 !BRBT � �!BT � �mj�

	 !BT � �!BRBT � �mj � � 2!BT � �!BRBT � �mj� (47)

Writing all the vectors in vectrix form in Eq. (14), eliminating the

common vectrix �Î�, and rearranging, yields the matrix form of the
translational dynamic equation

_XR� E
1R �S�!BRBT
�	S�RBRBT

!BT
���RBRWR

U	W� 
 E
1R _W

	 1

�M	m�E

1
R �RBRBT

RBTI�F	 _m _rBT � 
 _m�RBRWR
U

	W 
RBRBT
V _m	RT

BRBT
S�!BT

��C��


 1

�M	m�E

1
R

Xk
j�1
� _mjf _�mj 
 �S�!BRBT

�	S�RBRBT
!BT
���mjg

	mjf ��mj 	S�!BRBT
��S�!BRBT

��mj 
 2 _�mj �

	 2S�RBRBT
!BT
��S�!BRBT

��mj 
 _�mj � 	 �S2�RBRBTF!BT
�


S�RBRBT
_!BT
���mj 	S��mj

� _!BRBT g� (48)

WAISHEK, DOGAN, AND BLAKE 589



Two additional observations may be made about Eq. (48). First,
the explicit dependency of the translational motion of the receiver
aircraft on its rotational dynamics states and their time derivatives
can be seen through the terms containing!BRBT and _!BRBT . Secondly,
information about themotion of the tanker aircraft, both translational
and rotational, are passed as exogenous inputs to the receiver aircraft.
The variables included in this category are _rBT ,RBTI, !BT , and _!BT .

D. Rotational Dynamics

The rotational dynamic equation in Eq. (20) includes the
derivatives of �

i
and �

mj
. The first and second derivatives of �

mj
are

given in Eqs. (42) and (43) in the previous section. Because the �
i

vectors are fixed in the BR frame, Eqs. (42) and (43) imply that

_� i � !BR � �i (49)

�� i � _!BR � �i 	 !BR � �!BR � �i� (50)

Once the derivatives of �
mj

and �
i
are substituted from Eqs. (42),

(43), (49), and (50), Eq. (20) becomes

MBR
�
P

n
i�1f�i �Mi� _U	 _W	 _!BR � �i	!BR � �!BR � �i��g

	
Xk
j�1

�
mj
� f _mj�U	W	 �_�mj �BR 	!� �mj �

	mj� _U	 _W	 � ��
mj
�BR 	 2!BR � � _�mj �BR 	 _!BR � �mj

	!BR � �!BR � �mj ��g 
 �R � _m�_rBT 	V _m	!BT � �C� (51)

The first line of Eq. (51) can be expanded as

Xn
i�1
f�

i
�Mi� _U	 _W� 	Mi�i � � _!BR � �i�

	Mi�i � �!BR � �!BR � �i��g (52)

where the first term is zero because

Xn
i�1

Mi�i � 0

The second term can be simplified as

Mi�i � � _!BR � �i� �Mi���i � �i� _!BR 
 ��i � _!BR��i�

� �B̂R�TfMi���Ti �i�I3�3 
 �i�Ti � _!BRg (53)

Moreover, the third term in Eq. (52) can be simplified using
Eqs. (A1), (A2), and (A5) as

Mi�i � �!BR � �!BR � �i�� � �B̂R�
TS�!BR

�Mi��i�Ti �!BR (54)

By adding and subtracting ��Ti �i�!BR to the right-hand side of
Eq. (54) and rearranging, one obtains


 �B̂R�TS�!BR
�fMi���Ti �i�I3�3 
 �i�Ti �!BR 
Mi��Ti �i�!BRg

(55)

The second term of Eq. (55) is zero because Mi��Ti �i� is a scalar
quantity and S�!BR

�!BR is zero. By substituting Eqs. (53) and (55)
into Eq. (52), the first line can be rewritten as

�B̂R�T
�Xn
i�1

Mi���Ti �i�I3�3 
 �i�Ti � _!BR


 S�!BR
�
Xn
i�1

Mi���Ti �i�I3�3 
 �i�Ti �!BR
�

(56)

The inertia matrix of the receiver, excluding fuel, is

IM �
Xn
i�1

Mi���Ti �i�I3�3 
 �i�Ti � (57)

Similarly, the inertia matrix of the entire system (receiver and fuel) at
a given time can be expressed in the BR frame:

I t�
△ fIM 	

Xk
j�1

mj���Tmj�mj �I3�3 
 �mj�Tmj �g (58)

which is always nonsingular as IM is a mass property and �Tmj�mj as

well as �mj�
T
mj

are positive definite terms.

The other three lines of Eq. (51) can be rewritten as follows by
using the identity in Eq. (A1).

Second line:

Xk
j�1
f�B̂R�T�mj � _mj�U	W� 	 �B̂R�T�mj � _mj�B̂R�T _�mj

	 _mj�B̂R�T ���Tmj�mj �I3�3 
 ��mj�Tmj ��!BRg (59)

Third line:

Xk
j�1
f�B̂R�T�mj �mj� _U	 _W� 	 �B̂R�T�mj �mj�B̂R�T ��mj

	mj�B̂R�T ��2�Tmj _�mj �I3�3 
 �2�mj _�Tmj ��!BR
	mj�B̂R�T ���Tmj�mj �I3�3 
 ��mj�Tmj �� _!BR
	mj�!TBR�mj ��B̂R�

T�mj � �B̂R�T!BRg (60)

Fourth line:


 �B̂R�T�R � _m��Î�T _rBT 	 �B̂T �TV _m 
 �B̂T �TS�!BT
��C� (61)

Thematrix forms ofU, _U,W, and _W in Eq. (51) can be substituted
from Eqs. (34) and (39–41), respectively. Also, !BR and _!BR can be
substituted from Eqs. (31) and (32), respectively. Once the vectrices
are written in terms of a common vectrix, the common vectrix is
eliminated and the result is rearranged. Equation (51) then yields the
matrix form of the equations of rotational motion.

_!BRBT � I
1t MBR
	 I
1t S�!BRBT

	RBRBT
!BT
�IM

� �!BRBT 	RBRBT
!BT � 	 I
1t

Xk
j�1

S��mj
�

� �mj�!TBRBT 	 !
T
BT
RT

BRBT
��mj �!BRBT 	RBRBT

!BT �

	mj ��mj 	 _mj _�mj � 	 I
1t

�Xk
j�1

S��mj
�mj

�

� f
�S�!BRBT
� 	 S�RBRBT

!BT
���RBRWR

U	W�

	 ER
_XR 	 _Wg 	 I
1t

�Xk
j�1

S��mj
� _mj

�
�RBRwR

U	W�


 2I
1t
Xk
j�1

mj���Tmj _�mj �I3�3 
 _�mj�
T
mj ��!BRBT 	RBRBT

!BT �


 I
1t
Xk
j�1

_mj���Tmj�mj�I3�3 
 �mj�Tmj ��!BRBT 	RBRBT
!BT �


 S�!BRBT
�RBRBT

!BT 
RBRBT
_!BT


 I
1t _mS��R��RBRBT
RBTI _rBT 	RBRBT

V _m


RBRBT
S�!BT

��C� (62)

In this equation, all the variables are with respect to the receiver
frame or the tanker frame with the exception of _rBT . As presented
previously, the equations of rotational dynamics seem quite
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complicated. However, it is very suitable for aerial refueling
applications. The angular velocity and the orientation as well as the
translational velocity and position of the receiver are defined with
respect to the BT frame. The inertia and mass properties of the
receiver before aerial refueling can be directly used in the equation.
The effect of refueling on rotational dynamics is represented by the
concentrated fuel mass and its c.m. location in each fuel tank. In the
case of multiple fuel tanks, the effect of fuel flow into each tank can
be taken into account separately. Because the equation iswrittenwith
respect to a point fixed geometrically in the body of the receiver, a
change of the c.m. during refueling is already incorporated in the
equation. Another advantage ofwriting the equationwith respect to a
frame fixed in the body is seen when the aerodynamic variables such
as airspeed, angle of attack, side-slip angle, and aerodynamic
stability derivatives are needed. Because these variables and
derivatives are determined by the geometric shape of the aircraft, and
not its mass properties, standard definitions can be directly used
without any modification or reinterpretation.

V. Modeling Wind Effects

The wind effect terms constituting the elements W and _W in the
receiver’s equations of motion derived earlier are considered to be
based on uniform wind distribution acting at the receiver’s c.m.,
expressed in its body frame. However, the vortex-induced wind field
acting on the receiver aircraft is nonuniform in nature. To be able to
use the aircraft equations of motion without modification, the
nonuniform induced wind components and gradients need to be
approximated by uniform wind and gradients. For details of the
vortex model and averaging technique applied, see the paper by
Dogan et al. [20]. Bound vortices were not considered in this
reference whereas they are considered in the present work, but the
overall approach of the reference is followed herein.

VI. Application

This section shows how the physical parameters of the receiver
aircraft and its fuel tanks are incorporated as mathematical quantities
that are included in the derivation of the equations of motion. It also
presents results of the simulation that uses the equations of motion
developed herein as the model of the receiver aircraft dynamics
during aerial refueling. The simulation also includes the full 6-
degree-of-freedom nonlinear dynamics of the tanker aircraft. The
position and orientation of the receiver relative to the tanker are
controlled by a gain-scheduling linear controller while the tanker
flies in a racetrack maneuver. The simulation contains the innovative
control effectors (ICE) unmanned aircraft as the receiver being

refueled from a KC-135 tanker aircraft. For details of the tanker or
receiver being simulated or the controller being employed, see
[21,22]. Further, Appendix B presents both aircraft data used in the
simulation.

A. Fuel Tank Configuration

First, the overall fuel flow rate _m from the tanker to the receiver is
considered to be specified as an external input. The amount of the
total fuel that is sent to each individual fuel tank is also specified. For
example, Fig. 3 shows the sketch of the ICE aircraft with four fuel
tanks. Typically, refueling begins with the forward tanks with a fuel
flow distribution of _m1 � _m2 � 0:5 _m where the combined fuel
capacity of tanks 1 and 2 is 35%of the total aircraft fuel. After tanks 1
and 2 are full, the aft tanks are refueled with a similar distribution
( _m3 � _m4 � 0:5 _m) where the combined fuel capacity of tanks 3 and
4 is 65% of the total aircraft fuel. The actual mass contained in the jth
fuel tank at any instant of time can be computed by integrating _mj

over time. If there is any residual fuel in the tank before the start of
refueling, that can be considered as part of the receiver aircraft.
Therefore, without any loss of generality, it is assumed that
mj�0� � 0.

The next variable to be determined is �
mj

which is the position

vector of the fuel mass concentrated at the jth point, expressed in the
BR frame. Recall the assumption that fuel in each fuel tank is
concentrated at its c.m. In general, the initial location �

mj
�0� is

considered to be the midpoint of the base of the jth fuel tank or the
surface of the remaining fuel. As fuel flows into the fuel tank,
the vector �

mj
�t� always points at the c.m. of the fuel under the

assumptions that the fuel tanks are rectangular and the fuel stays level
within each tank. The position vectors along with their time
derivatives for all the fuel tanks are used in the receiver’s equations of
motion.

B. Simulation Results

Simulation results will now be shown for several cases. The
nominal altitude of the tanker is 7010mwith a speed of 190 m=s in a
racetrack maneuver. This is only the nominal flight condition; small
deviations from the nominal condition occur as the tanker transitions
between the legs of the racetrack maneuver. While the tanker flies in
the racetrack, the receiver aircraft needs to maintain a contact
position of (
25:33, 0, 6.46) m relative to the body frame of the
tanker. Maintaining the contact position enables the tanker’s
refueling boom to deliver 0:04416 m3 of JP-4 fuel per second
(700 gal=min) at the speed of 5:45 m=s. It is assumed that the
refueling boom is inclined 30 deg downward from the negative x axis

a) b)

Fig. 3 Receiver-fuel tank failure cases: a) Right-hand tanks do not fill and b) right-hand forward and left-hand aft tanks do not fill.
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of the tanker’s body frame during the fuel transfer. Results are shown
with the tanker in 1) straight and level flight and 2) a constant-
altitude, constant-speed turn.

Figures 4–7 depict the results of the simulationswhen executed for
a straight and level flight condition for three different cases, shown in
the figure legends. Case 1 is a normal refuel scenario. Both forward
tanks refuel first, but at half of the maximum flow rate, until each is
half full. Next, both aft tanks refuel, again at half of the maximum
flow rate, until each is half full. Case 2 is a refuel failure scenario
where neither of the right-hand fuel tanks (labeled tank 2 and tank 4
in Fig. 3) receive fuel, but the left-hand forward tank is fully fueled
first, followed by the left-hand aft; this failure scenario is depicted in
Fig. 3a. Case 3, depicted in Fig. 3b, is a refuel failure scenario where
the right-hand forward and left-hand aft tanks do not fill, but the other
tanks fully fuel, with the forward tank refueling first. To allow for
better comparisons between the case, the fuel tanks in case 1 (normal)
only fill to half capacity so that the transition from refueling the
forward tanks to the aft tanks occurs at the same time in all three
cases. In addition, the postrefuel total aircraft weight for the normal
case matches that for the failure cases. In each case, refueling starts
25 s after the start of the simulation.

To be able to maintain the nominal refueling contact position, the
deviation from the refueling position as well as the deviation in
relative orientation should be minimal. To analyze the performance
of the aircraft in terms of these important requirements, the receiver’s
position and orientation with respect to the tanker in the time domain
are presented in Figs. 4 and 5, respectively.

Figure 4 shows spikes in position deviations whenever fuel flow
starts or ends in each fuel tank. In Fig. 4, the first such spike at 25 s is
the same for both cases 2 and 3 due to the fact that both cases begin by
refueling the left-hand forward tank, but case 3 has the largest spike
around 70 s as the result of the cessation of tank 1 refueling and the
commencement of (right-hand aft) tank 4 refueling. Similarly, the
opposite-direction y position spikes at about 140 s are the result of
refuel completion and the reorientation of the aircraft into an appro-
priate trim condition after being refueled in opposite-side aft tanks.
Although cases 2 and 3 have, as expected, the same y deviations
while tank 1 is filled, their y deviations are in opposite directions due
to the fact that opposite-side aft tanks are being filled in these cases
(tank 3 in case 2 and tank 4 in case 3). The x deviation is between

0:2 and 0.2 m in all three cases and the z deviation is between
0:1
and 0.15 m. The deviations are smallest for case 1, which results in
zero y deviation as expected based on the fuel tank symmetry. This
behavior is mathematically represented by the third term of Eq. (48),
which illustrates the contribution of the individual fuel tank masses
and their derivatives, along with the fuel c.m. locations and their
derivatives, to the receiver’s translational dynamics.

Figure 5 illustrates the deviation of the receiver orientation from
the tanker orientation. The pitch angle variation is approximately the

same (below 1.5 deg) for all cases while case 3 causes a greater range
of deviation of both yaw and bank angles. As with the y deviation of
Fig. 4, the portion of the case 3 yawdeviationwhich is opposite of the
case 2 yaw deviation is due to the asymmetric tank refueling. The
opposite-direction tendencies of the yaw and bank angles
immediately follow the case 3 transition from the forward to the
diagonal aft fuel tank when compared to the same-side forward to aft
tank transition of case 2. These moments are largely due to the
contribution of the second, third, fourth, fifth, sixth, and eighth terms
of Eq. (62), which express the relationship between the derivatives of
the individual fuel tank masses and center-of-gravity locations to the
receiver’s rotational dynamics. After completion of the refueling, the
yaw trim angle is different for cases 2 and 3. Case 2 results in a
slightly positive yaw trim angle while case 3 results in a very slightly
negative yaw trim angle. There is also a, albeit very small, nonzero
steady-state bank angle in cases 2 and 3. This demonstrates the effect
of the asymmetric mass distribution on the steady-state trim
condition.

Figure 6 illustrates the values of the elevon, pitch flap, and
clamshell deflections for the three level flight cases. In each case,
small deflections (compared to the saturation deflections) are
required to maintain the refuel contact position throughout the
simulation. Both the elevon and clamshell deflections can be
compared with the roll and yaw angle histories in Fig. 5 to show how
these effectors react to the refueling in the failure cases and how their
steady-state positions correspond to the receiver’s steady-state Euler
angles. When the refueling of case 3 transitions from the forward
to the diagonal aft tank, both the elevon and clamshell react
immediately to compensate for the opposite-side tank refueling. The
magnitude of the elevon and pitch flap deflections change steadily
throughout the refueling to account for the steadily growing fuel tank
masses. This is caused by the contribution of the gravitational
moment caused by the fuel masses to the total moment of the external
forces about the origin of the BR frame. Figure 7 illustrates the level
of throttle in the three cases, which prove to be very similar. As
expected, the throttle tends to grow as the refueling occurs
(beginning at 25 s) to keep the receiver at the commanded velocity
while experiencing mass increase, and the steady-state throttle value
is somewhat higher than initially due to the higher postrefuel aircraft
weight.

Figures 8–11 depict the results of the simulation when executed
for a U-turn maneuver which involves the tanker beginning to turn
25 s into the simulation with a specified yaw rate until the yaw angle
change reaches 180 deg. The commanded yaw rate for the tanker in
this maneuver is generated from a 1:7 deg =s step response of a
fourth order linear filter with time constants of 10, 10, 10, and 1 s. In
these figures, case 1 involves the turn maneuver only with no
refueling, included as a reference to determine how much of the
receiver’s response is due solely to the refueling. Case 2 is the same
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Fig. 4 Time history of the deviation of the receiver position from the refueling position in straight level flight.
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normal refuel scenario introduced in the straight level flight case,
with refueling beginning with the forward tanks at 25 s and
continuing with the aft tanks after the forward tanks are filled to
commanded capacity. Case 3 is the refuel failure scenario where the
right-hand forward and the left-hand aft tanks do not fill, which is
depicted in Fig. 3b. Once again, the fuel tanks in the normal case are
commanded to fill only to half of their capacities so that the transition
from refueling the forward tanks to the aft tanks occurs at the same
time in cases 2 and 3 while ensuring that the postrefuel total aircraft
weight for the normal case matches that for the failure case.

As in the straight level flight case, the deviation from the refueling
position as well as the deviation in relative orientation should be
minimal. To analyze the performance of the aircraft in terms of this
requirement, the receiver’s position and orientation with respect to
the tanker in the time domain are presented in Figs. 8 and 9,
respectively. When compared with deviations in the straight level
cases, case 1 for the U-turn maneuver shows that most of the
deviations from the commanded refueling position are due to the
maneuver itself. However, Figs. 8 and 9 show additional deviations
due to the symmetric and asymmetric fuel transfer. The effects of the
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refueling are somewhat more pronounced in the Euler angle plot of
Fig. 9, where both refueling cases, especially the failure of case 3
about the yaw axis, create orientation deviations significantly in
excess of the orientation deviations due only to the turn. It is also
apparent in this plot that, when compared to the no-refueling case 1,

the steady-state pitch angle of cases 2 and 3 is approximately 1 deg
higher to account for the increased aircraft weight at the end of the
refueling.

Figure 10 illustrates the values of the elevon, pitch flap, and
clamshell deflections for the three turning flight cases. The
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magnitudes and trends are very similar to those found in the level
flight cases. The differences between the effector deflections
required for turning with and without refueling are also illustrated
here, with the steady-state trim deflections somewhat different both
with and without fuel, and with and without asymmetric mass
distribution. Figure 11 illustrates the level of throttle in the three
cases, with cases 2 and 3 having almost identical throttle
requirements. The throttle setting is higher in cases 2 and 3 than in
case 1 during the turn as well as during the steady state after the turn
and refueling are both completed. This is due to the mass transfer
during the refueling and due to the higher postrefuel aircraft weight in
steady state.

Finally, Figs. 12 and 13 are presented as a means of comparing the
effect of the vortex on the receiver position and orientation deviations
to the effect of the refueling in the turn scenario. In thesefigures, case 1

is a simulation involving neither the vortex nor the refueling and is
included as a reference for the other two cases. In case 2, the vortex is
included without any refueling, while case 3 includes refueling at 25 s
as before, but with no vortex. By comparing the effects of the vortex
and refueling in isolation, it is apparent that the relative contribution to
the overall deviations in position is similar. From this result, it seems
reasonable to conclude that the effect of the refueling (and associated
mass properties changes) is as significant to the performance of the
receiver as the effect of the vortex-induced wind field.

VII. Conclusions

A set of equations of motion of an aircraft is derived to account for
time-varying inertia properties due to fuel transfer and exposure to
wind induced by the wake vortex of a lead aircraft.
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The receiver is modeled so as to allow for mass center shift of the
system during fuel transfer. Modeling of the refueling system allows
for time-varying fuel quantity and center of mass for each fuel tank
individually, as well as the specification of fuel tank location, shape,
and size. Further, the speed and direction of fuel flow into the
receiver, as well as the location of the receptacle in the receiver, are
accounted for.

The dynamic effect of wind exposure appears explicitly in the
derived equations of motion. The equations are expressed in terms of
the position and orientation of the receiver relative to the tanker,
rather than relative to the inertial frame. The equations are thus
particularly suited to the aerial refueling problem because aerial
refueling requires control of the receiver relative to the tanker.

The equations are presented in matrix form for ease of simulation.
This study shows that, during both straight level flight and a U-turn
maneuver, the capability to maintain the refuel contact position is
most degraded during a diagonal, asymmetric refueling failure
scenario. There are significant dynamic repercussions associated
with refueling failures resulting in fuel entering a tank on only one
side of the aircraft centerline. The simulation additionally reveals that
the dynamic effect of the tanker trailing vortex is as significant as the
time-varying mass dynamic effect on the receiver aircraft. The
generic nature of the developed equations permits the simulation of
any type of aircraft at any flight condition with mass transfer or mass
variation of any sort. The main limitations of the equations derived
are that the fuel tanks aremodeled pointmasses and fuelflow is taken
to be steady.

Appendix A: Matrix and Vector Properties

This Appendix presents easy referencing for some of the matrix
and vector properties used in the derivation of the equations of
motion.

Fact 1: Quadruple product of vectors

a � �b � �c � d�� � �b � d�a � c 
 �b � c�a � d; 8 a; b; c; d
(A1)

Fact 2: Vector product of vectors through their representations

a � b� �1̂�Ta � �1̂�Tb�
�1̂�TS�a�b (A2)

where a and b are representations of a and b, respectively, in the

frame having vectrix �1̂�, and S�a� is the skew-symmetric matrix

S �a� �
0 a3 
a2

a3 0 a1
a2 
a1 0

2
4

3
5 (A3)

for vector a with representation � a1 a2 a3 �T in the frame having

vectrix �1̂�.
Fact 3: Order of vectors in vector product

S �a�b�
S�b�a (A4)

Fact 4:

�aTb�S�a� � 
S�b�aaT 8 a; b (A5)

Fact 5:

S �R21a� �R21S�a�RT
21 (A6)

Appendix B: Numerical Data

I. Simulation Parameters

Formation flight velocity: 190 m=s
Formation flight altitude: 7010 m

II. Receiver Aircraft Parameters

M: 1:1281 � 104 kg

�r in the BR frame: � 1:5738 0 
0:7239 �T m
Forward tank capacity: 2148 kg
Aft tank capacity: 3898 kg
Wing area S: 75:12 m2

Wing mean chord �c: 8.763 m
Wing span b: 11.43 m
Fuselage diameter Df: 1.4478 m
Fuselage length Lf: 13.158 m
x distance between the c.g. of the aircraft and the aerodynamic

center of the wing: 0.0101 m
z distance between the c.g. of the aircraft and the aerodynamic

center of the wing: 0 m
Dihedral angle �: 0 deg
Sweepback angle at quarter-chord �: 0.2487 rad
Inertia matrix, kg �m2: Ixx � 3:186 � 104, Iyy � 8:757 � 104,

Izz � 1:223 � 105, Ixz �
546:394
Aerodynamic coefficients [22]: CD0 � 0:023, CD� � 0,

CD�2 � 0:7, CD�e � 0, CD�e2 � 0:25, CS0 � 0, CS� �
0:031,
CS�r � 0, CL0 � 0:062, CL� � 2:09, CL�2 � 0, CLq � 1:53,
CL�e � 0:594, CL0 � 0, CL�a �
0:13, CL�r �
0:004,
CL� �
0:022, CLp �
0:163, CLr � 0:012, CM0 �
0:003,
CMq �
0:4, CM� �
0:024, CM�e

�
0:169, CN 0 � 0,
CN �a �
0:017, CN �r �
0:018, CN� �
0:021, CNp �
0:023,
and CN r �
0:009.

III. Tanker Aircraft Parameters

V _m in the BT frame: � 
4:7175 0 2:7237 �T m=s
_m: 35:46 kg=s
M: 8:838 � 105 kg
Wing area S: 226:03 m2

Wing mean chord �c: 6.144 m
Wing span b: 39.877 m
Fuselage diameter Df: 3.657 m
Fuselage length Lf: 39.267 m
x distance between the c.g. of the aircraft and the aerodynamic

center of the wing: 
0:823 m
z distance between the c.g. of the aircraft and the aerodynamic

center of the wing: 0.304 m
Dihedral angle �: 7 deg
Inertia matrix, kg �m2: Ixx � 3:592 � 106, Iyy � 3:430 � 106,

Izz � 7:090 � 106, Ixz � 5:152 � 104

Aerodynamic coefficients [22]: CD0 � 0:028, CD� � 0,
CD�2 � 0:2642, CD�e � 0, CS0 � 0, CS� �
0:812, CS�r � 0:184,
CL0 � 0:1, CL� � 4:8, CL�2 � 0, CLq � 5:65, CL�e � 0:19,
CL0 � 0, CL�a �
0:05, CL�r � 0:019, CL� �
0:177,
CLp �
0:312, CLr � 0:153, CL�e � 0, CM0 � 0, CMq 
 4:5,
CM� �
0:65, CM�e

�
0:57, CN 0 � 0, CN �a � 0:008,
CN �r �
0:076, CN� � 0:129, CNp �
0:011, and
CN r �
0:165.
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